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1. Introduction
Consider the following problem
ut = (|ux|p−2ux)x, 0 < x < 1, t > 0,
ux(0, t) = 0, ux(1, t) = −g(u(1, t)), t > 0,
u(x, 0) = u0(x), 0 ≤ x ≤ 1,
(1.1)
where p > 1, u0(x) > 0, satisfying some compatibility conditions.
Eq. (1.1) is known as the classical Non-Newtonian filtration equation, which is always a focus of research, and many
results on stability, existence and uniqueness of solutions have been obtained. On the other hand, mathematical models of
semilinear and nonlinear parabolic equations under Dirichlet or Neumann boundary conditions have also been considered
in several papers, see [1–4]. The quenching behavior is the phenomenon where the solution approaches a constant but its
derivativewith respect to time variable t tends to infinity as (x, t) tends to somepoint in the spatial-time space. The study of
the quenching phenomenon beganwith thework of Kawarada [5] for a semilinear heat equationwith reaction at level u = 1.
He proved that not only the reaction term, but also the time derivative blows upwherever u reaches this value. We refer the
reader to Fila and Levine [6] for the case p = 2 and g(u) = u−q. It was shown that u quenches in finite time for all u0, and
the only quenching point is x = 1. Another problem similar to that in [6] was studied from the point of view of dynamical
systems in [7,8]. And in [9,10], the authors discussed the simultaneous and non-simultaneous quenching phenomena for a
system of heat equations coupledwith nonlinear boundary flux separately. Meanwhile, there are also some papers referring
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to the quenching phenomenon of quasilinear equations, see [11–13]. However, as far as we know, few papers are concerned
with the quenching phenomenon of degenerate parabolic equations. It is worth mentioning the work by Deng and Xu [14],
who studied the nonlinear diffusion equation with a singular boundary condition, and investigated finite time quenching
for the solution and results on the quenching set and rate under some convexity assumptions on the initial data.
Motivated by thework [14], in the present paper,wewill prove that quenching occurs only at x = 1.Wewill also estimate
the bounds for the quenching rate, and present an example which shows the applicability of our results.
Throughout this paper, we assume that
(A1) g(s) > 0, g ′(s) < 0 for s > 0, lims→0+ g(s) = +∞;
(A2) g(s) ≥ Cs−q if 1 < p < 2 for some constants C, q > 0.
2. Quenching on the boundary
In this section, we prove finite time quenching for the solution. Due to the degeneracy of the equation, the solutions
consideredmight not be classical in general andwe should discussweak solutions. However, for simplicity of our arguments,
we assume that the solution is appropriately smooth, since we may consider some approximate boundary and initial value
conditions, for example
∂u
∂x
(0, t) = −ε, ∂u
∂x
(1, t) = −g(u(1, t)), t > 0, ε > 0,
u(x, 0) = u0(x)− ε
(
x− 1
2
x2 − 1
)
, 0 ≤ x ≤ 1.
We need the following
Lemma 2.1. Assume that (A1), (A2) hold and the solution u of the problem (1.1) exists in (0, T0) for some T0 > 0, and u′0(x) ≤ 0,
u′′0(x) ≤ 0 for 0 ≤ x ≤ 1. Then ux(x, t) < 0 and ut(x, t) < 0 in (0, 1] × (0, T0).
Proof. Denote v = ux. Then v satisfies
vt = (|v|p−2v)xx, 0 < x < 1, 0 < t < T0,
v(0, t) = 0, v(1, t) = −g(u(1, t)), 0 < t < T0,
v(x, 0) = u′0(x), 0 ≤ x ≤ 1.
(2.1)
The maximum principle leads to v < 0, and thus ux(x, t) < 0 in (0, 1] × (0, T0). Then it is easy to see that the problem (2.1)
is nondegenerate in (0, 1] × (0, T0). So ux is a classical solution of (2.1). Similarly, lettingw = ut , we have
wt = (p− 1)(|ux|p−2wx)x, 0 < x < 1, 0 < t < T0,
wx(0, t) = 0, wx(1, t) = −g ′(u(1, t))w(1, t), 0 < t < T0,
w(x, 0) = (p− 1)|u′0(x)|p−2u′′0(x), 0 ≤ x ≤ 1.
Making use of themaximum principle, we also obtain ut(x, t) < 0 in (0, 1]× (0, T0). Therefore, the solutions of the problem
(1.1) u ∈ C2,1((0, 1] × (0, T0))with ux(x, t) < 0 and ut(x, t) < 0 in (0, 1] × (0, T0). 
Theorem 2.1. Assume that (A1), (A2) hold and u′0(x) ≤ 0, u′′0(x) ≤ 0 for 0 ≤ x ≤ 1. Then every solution of (1.1) quenches in
finite time, and the only quenching point is x = 1.
Proof. By the maximum principle, we know that 0 < u(·, t) ≤ M for all t in the existence interval, where M =
max0≤x≤1 u0(x). Define F(t) =
∫ 1
0 u(x, t)dx. Then F(t) satisfies
F ′(t) =
∫ 1
0
ut(x, t)dx =
∫ 1
0
(|ux|p−2ux)xdx = −|g(u(1, t))|p−2g(u(1, t)) ≤ −gp−1(M).
Thus F(t) ≤ F(0) − gp−1(M)t , which means that F(t0) = 0 for some t0 > 0. From the fact that ux < 0 for 0 < x ≤ 1, we
find that there exists T (0 < T < t0) such that limt→T− u(1, t) = 0. By virtue of the singular nonlinearity in the boundary
condition, u must quench at x = 1. Here and below, we use T to denote the quenching time of the solutions u. In what
follows, we only need to prove that quenching cannot occur in (1/2, 1)× (η, T ) for some η (0 < η < T ).
Let h(x, t) = |ux|p−2ux + ε(x− 1/4)gp−1(M) in (1/4, 1)× (η, T )where ε is a positive constant. Then h(x, t) satisfies
ht = (|ux|p−2ux)t = (p− 1)|ux|p−2uxt = (p− 1)|ux|p−2(|ux|p−2ux)xx
= (p− 1)|ux|p−2hxx, for (x, t) ∈ (1/4, 1)× (η, T ).
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On the parabolic boundary, h(1/4, t) = |ux(1/4, t)|p−2ux(1/4, t) < 0 for t ∈ [η, T ); h(1, t) ≤ −(1− (3ε)/4)gp−1(M) < 0
for t ∈ [η, T ) and h(x, η) ≤ −|ux(1/4, η)|p−1 + (3ε/4)gp−1(M) < 0 for x ∈ [1/4, 1], provided ε is sufficiently small. Thus
by the maximum principle, we find that h(x, t) ≤ 0 in (1/4, 1)× (η, T ), which leads to
|ux|p−2ux + ε
(
x− 1
4
)
gp−1(M) ≤ 0, in (1/4, 1)× (η, T ).
So we have
− ux ≥
[
ε
(
x− 1
4
)
gp−1(M)
]1/(p−1)
. (2.2)
Integrating (2.2) from x to 1, we obtain
u(x, t) ≥ u(1, t)+
∫ 1
x
[
ε
(
x− 1
4
)
gp−1(M)
]1/(p−1)
dx ≥
∫ 1
x
[
ε
(
x− 1
4
)
gp−1(M)
]1/(p−1)
dx > 0.
It then follows that u(x, t) > 0 if x < 1. 
3. Bounds for the quenching rate
In this section we establish bounds on the quenching rate. We first present the upper bound.
Theorem 3.1. Suppose that the hypotheses of Theorem 2.1 hold and g ′′(u) > 0. Then there exists a positive constant C1 such
that ∫ u(1,t)
0
1
−gp−1(s)g ′(s)ds ≤ C1(T − t).
Proof. We define a function Φ(x, t) = |ux(x, t)|p−2ux(x, t) + ϕp−1(x)gp−1(u(x, t)) in (0, 1) × (0, T ). Here ϕ(x) is given as
follows:
ϕ(x) =

0, x ∈ [0, x0],
(x− x0)l
(1− x0)l , x ∈ (x0, 1],
with some x0 < 1 and l ≥ max{3, 1/(p − 1)} is chosen so large that ϕ(x) ≤ −u′0(x)/g(u0(x)) for x0 < x ≤ 1. It is easy to
see thatΦ(0, t) = Φ(1, t) = 0, andΦ(x, 0) ≤ 0. On the other hand, in (0, 1)× (0, T ),Φ satisfies
Φt = (p− 1)|ux|p−2Φxx − (p− 1)2|ux|p−2ϕp−1(x)gp−3(u)[(p− 2)g ′2(u)+ g(u)g ′′(u)]u2x
− 2(p− 1)3|ux|p−2ϕp−2(x)ϕ′(x)gp−2(u)g ′(u)ux − (p− 1)2|ux|p−2ϕp−3(x)[(p− 2)ϕ′2(x)+ ϕ(x)ϕ′′(x)]gp−1(u).
By means of the definition of ϕ(x), (A1), (A2) and g ′′(u) > 0, it follows that
Φt ≤ (p− 1)|ux|p−2Φxx.
Thus the maximum principle yieldsΦ(x, t) ≤ 0, that is
ϕ(x)g(u(x, t)) ≤ −ux(x, t), for (x, t) ∈ [0, 1] × [0, T ).
Moreover, by the definition of the limit, we see thatΦx(1, t) ≥ 0 sinceΦ(x, t) ≤ 0. In fact,
Φx(1, t) = lim
x→1−
Φ(x, t)− Φ(1, t)
x− 1 ≥ 0,
which means
ut(1, t) ≥ (p− 1)gp−1(u(1, t))[−ϕ′(1)+ g ′(u(1, t))] ≥ c3(p− 1)gp−1(u(1, t))g ′(u(1, t)). (3.1)
Integrating (3.1) from t to T , we get∫ u(1,t)
0
1
−gp−1(s)g ′(s)ds ≤ C1(T − t). 
We then give the lower bound, the derivation of which is in the spirit of [14]. We need the following additional hypo-
theses.
There exists a constant σ (−∞ < σ ≤ σ0 = min{1, 2− 1/(p− 1)}) such that
(H1) (g(p−1)(σ−1)(u)g ′(u))′′ < 0,
(H2) (g(p−1)(σ−1)(u)g ′(u))′ ≥ 0,
(H3) (g(p−1)(σ−1)−1(u)g ′(u))′ < 0.
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Theorem 3.2. Suppose that the hypotheses of Theorem 2.1 hold. Furthermore, assume that the hypotheses (H1) –(H3) hold. Then
there exists a positive constant C2 such that∫ u(1,t)
0
1
−gp−1(s)g ′(s)ds ≥ C2(T − t).
Proof. Let d(u) = g(p−1)(σ−1)(u)g ′(u). Notice that the hypotheses (H1)– (H3) are equivalent to
(H˜1) d′′(u) < 0,
(H˜2) d′(u) ≥ 0,
(H˜3) d(u)g ′(u) > d′(u)g(u),
respectively. Letting τ be close to T , we consider Ψ (x, t) = ut − εd(u)(−ux)(p−1)(2−σ) in (1− T + τ , 1)× (τ , T ), where ε is
a positive constant. Through a fairly complicated calculation, we find that
Ψt = (p− 1)|ux|p−2Ψxx + (p− 1)(p− 2)(−ux)p−3(−uxx)Ψx + C(x, t)Ψ + εR(x, t)(−ux)(p−1)(3−σ)+1, (3.2)
where
C(x, t) = ε(2− σ)[(p− 1)(2− σ)− 1](−ux)(p−1)(1−σ)−1d(u)ut + ε[(p− 1)(5− 2σ)− 1]d′(u)(−ux)(p−1)(2−σ)
+ ε2(2− σ)[(p− 1)(2− σ)− 1]d2(u)(−ux)(p−1)(3−2σ)−1
and
R(x, t) = (p− 1)d′′(u)+ ε[(p− 1)(5− 2σ)− 1]d′(u)d(u)(−ux)(p−1)(1−σ)−1
+ ε2(2− σ)[(p− 1)(2− σ)− 1]d3(u)(−ux)2(p−1)(1−σ)−2.
Since the hypotheses (H˜1) and (H˜2) hold, and d(u) < 0, we can see that C(x, t) > 0 and R(x, t) < 0. Thus we have
Ψt < (p− 1)|ux|p−2Ψxx + (p− 1)(p− 2)(−ux)p−3(−uxx)Ψx + C(x, t)Ψ , (x, t) ∈ (1− T + τ , 1)× (τ , T ).
On the parabolic boundary, since x = 1 is the only quenching point, if ε is small enough, then both Ψ (1 − T + τ , t) and
Ψ (x, τ ) are negative. At x = 1, in view of (H˜3), we have
Ψx(1, t) = −[1− ε(2− σ)]g ′(u(1, t))Ψ (1, t)
− ε
[
(1− ε(2− σ))g ′(u(1, t))d(u(1, t))− d′(u(1, t))g(u(1, t))
]
g(p−1)(2−σ)(u(1, t))
≤ −[1− ε(2− σ)]g ′(u(1, t))Ψ (1, t),
provided ε is sufficiently small. Hence, making use of themaximumprinciple, we haveΨ (x, t) ≤ 0 on [1−T+τ , 1]×[τ , T ).
In particular, Ψ (1, t) ≤ 0, that is,
ut(1, t) ≤ εd(u(1, t))(−ux(1, t))(p−1)(2−σ) = εgp−1(u(1, t))g ′(u(1, t)). (3.3)
Integration of (3.3) over (t, T ) then leads to∫ u(1,t)
0
1
−gp−1(s)g ′(s)ds ≥ C2(T − t). 
4. An example
In this section, as an example, we discuss the special case g(u) = u−q(q > 0), and give the exact rate for quenching of
solutions.
Theorem 4.1. Assume that u′0(x) ≤ 0 and u′′0(x) ≤ 0 for 0 ≤ x ≤ 1. Let g(u) = u−q (q > 0). Then the solution of the
problem (1.1) satisfies
C4 ≤ u(1, t)(T − t)−
1
pq+2 ≤ C3,
where C3 and C4 are positive constants.
Proof. We first estimate the upper bound. Notice that
g ′(u) = (−q)u−q−1 < 0
and
g ′′(u) = (−q)(−q− 1)u−q−2 = q(q+ 1)u−q−2 > 0.
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By Theorem 3.1, we see that∫ u(1,t)
0
1
−gp−1(s)g ′(s)ds =
∫ u(1,t)
0
1
−s−q(p−1)(−q)s−q−1 ds
= 1
q
∫ u(1,t)
0
sqp+1ds = 1
q(qp+ 2)u
qp+2(1, t) ≤ C1(T − t).
Therefore, we get the upper bound as
u(1, t)(T − t)− 1qp+2 ≤ [C1q(qp+ 2)]
1
qp+2 =: C3,
Now, we estimate the lower bound. It should be examined for the validity of the hypotheses (H1)– (H3). In fact, we have
(g(p−1)(σ−1)(u)g ′(u))′′ = (−q)[q(p− 1)(σ − 1)+ q+ 1][q(p− 1)(σ − 1)+ q+ 2]u−1(p−1)(σ−1)−q−3 < 0,
provided σ > 1− q+1q(p−1) =: σ1 or σ < 1− q+2q(p−1) =: σ2. While
(g(p−1)(σ−1)(u)g ′(u))′ = q[q(p− 1)(σ − 1)+ q+ 1]u−q(p−1)(σ−1)−q−2 ≥ 0
provided σ ≥ 1− q+1q(p−1) = σ1. So, (H1) and (H2) are all valid. Finally, (H3) is also satisfied since
(g(p−1)(σ−1)−1(u)g ′(u))′ = q[q(p− 1)(σ − 1)+ 1]u−q(p−1)(σ−1)−2 < 0
provided σ < 1− 1q(p−1) =: σ3.
Since p > 1, q > 0, it is easily seen that σ1 < σ3 and σ1 < σ0. Therefore we can choose a σ such that σ1 < σ <
min{σ0, σ3}, and hypotheses (H1)– (H3) hold. Thus we obtain
u(1, t)(T − t)− 1pq+2 ≥ [εq(pq+ 2)] 1pq+2 =: C4.
The proof is complete. 
References
[1] M. Chipot, F.B. Weissler, Some blow up results for a nonlinear parabolic equation with a gradient term, SIAM J. Math. Anal. 20 (1989) 886–907.
[2] E. Feireisl, H. Petzeltová, F. Simondon, Admissible solutions for a class of nonlinear parabolic problems with non-negative data, Proc. Roy. Soc.
Edinburgh Sect. A 131 (2001) 857–883.
[3] M.A. Rincón, J. Límaco, I-Shih Liu, A nonlinear heat equation with temperature-dependent parameters, Math. Phys. Electron. J. 12 (2006).
[4] Ph. Souplet, Finite time blow-up for a non-linear parabolic equation with a gradient term and applications, Math. Methods Appl. Sci. 19 (1996)
1317–1333.
[5] H. Kawarada, On solutions of initial–boundary problem ut = uxx + 1/(1− u), Publ. Res. Inst. Math. Kyoto Univ. 10 (1975) 729–736.
[6] M. Fila, H.A. Levine, Quenching on the boundary, Nonlinear Anal. TMA 21 (1993) 795–802.
[7] H.A. Levine, The quenching of solutions of linear parabolic and hyperbolic equationswith nonlinear boundary conditions, SIAM J.Math. Anal. 14 (1983)
1139–1153.
[8] H.A. Levine, Quenching, nonquenching, and beyond quenching for solutions of some parabolic equations, Ann. Mat. Pura Appl. 155 (1989) 243–260.
[9] R. Ferreira, A.D. Pablo, F. Quirós, J.D. Rossi, Non-simultaneous quenching in a system of heat equations coupled on the boundary, Z. Angew.Math. Phys.
57 (2006) 1–9.
[10] Chunhau Jin, Jingxue Yin, Xuping Zhang, Critical quenching exponents for heat equations coupled with nonlinear boundary flux, Commun. Math. Res.
25 (2009) 88–96.
[11] Keng Deng, Quenching for solutions of a plasma type equation, Nonlinear Anal. TMA 18 (1992) 731–742.
[12] M. Fila, B. Kawohl, H.A. Levine, Quenching for quasilinear equations, Comm. Partial Differential Equations 17 (1992) 593–614.
[13] J.-S. Guo, Quenching behavior for a fast diffusion equation with absorption, Dynam. Systems Appl. 4 (1995) 47–56.
[14] Keng Deng, Mingxi Xu, Quenching for a nonlinear diffusion equation with a singular boundary condition, Z. Angew. Math. Phys. 50 (1999) 574–584.
